We construct exact cosmological scaling solutions in N = 8 gauged supergravity. We restrict to solutions for which the scalar fields trace out geodesic curves on the scalar manifold. Under these restrictions it is shown that the axionic scalars are necessarily constant. The potential is then a sum of exponentials and has a very specific form that allows for scaling solutions. The scaling solutions describe eternal accelerating and decelerating power-law universes, which are all unstable. An uplift of the solutions to 11-dimensional supergravity is carried out and the resulting timedependent geometries are discussed. In the discussion we briefly comment on the fact that N = 2 gauged supergravity allows stable scaling solutions.
Introduction
In order to understand the possible (late time) cosmological scenarios in string theory it is natural to study this in a supergravity context with a higher dimensional origin [1] [2] [3] . In this way one can learn how supersymmetry and a higher dimensional origin constrain the possibilities. In this light some investigations on the vacuum structure of gauged extended supergravities have been carried out; de Sitter vacua in extended supergravity can generically be found [1, [3] [4] [5] [6] [7] [8] [9] . However, it is only for N = 2 supergravity that stable de Sitter vacua have been found [8, 9] .
The possibilities for dark energy go beyond a positive cosmological constant, see reference [10] for a recent overview. An interesting possibility is the existence of cosmological scaling solutions. There are many definitions used but a common feature is that scaling cosmologies correspond to attractors, repellers and saddlepoints of the cosmological dynamical system. The definition used here is that the ratio of the energy densities of different constituents remains constant during evolution. For a matter scaling solution the energy density of the background barotropic fluid evolves in a constant ratio with respect to the scalar field energy density. Since such solution can correspond to an attractor they are typically used in attempts to alleviate the cosmic coincidence problem [11] . Scaling cosmologies are characterized by a scalefactor that is power-law, a(τ ) ∼ τ P . We refer to [10, 11] for more phenomenological issues concerning scaling solutions.
The scaling solutions studied in this paper are of two kinds, the matter scaling explained above and a scalar dominated scaling solution in which the energy density of the barotropic fluid vanishes and the potential energy of the scalar fields scales as the kinetic energy 1 . In contrast to de Sitter solutions scaling cosmologies have not been given as much attention in supergravity. In reference [12] an unstable accelerating scaling solution was found in N = 8 supergravity as an alternative to acceleration from de Sitter solutions. In [13] an example of a stable scaling solution, with P = 1 was found in N = 4 gauged supergravity.
It is the aim of this paper to systematically find the scaling cosmologies in N = 8, D = 4 supergravity and to check on their stability. Although N = 8 supergravity is not realistic from a particle physics point of view it has attractive features; there is only the supergravity multiplet and the different theories only differ in the gauge group. This simplicity makes it easier to oversee all the possibilities for finding interesting solutions. It is believed that many (if not all) N = 8 theories have a higher dimensional origin. For the gaugings we consider in this paper the higher dimensional origin is known explicitly [14] .
To perform an exhaustive study of cosmological solutions in supergravity theories is notoriously difficult because of the many scalar fields and the corresponding complicated potentials. For instance in N = 8 supergravity there are 70 scalars that parametrize the E 7(+7) /SU(8)-coset space and the complexity of the potential depends on the gauge group of the theory. In this respect, ungauged supergravity is easier since there is no potential. If we restrict to FLRW universes and redefine cosmic time t to a new time coordinate s via ds dτ = a(τ ) 3 , the scalar field action in ungauged supergravities reads:
where ′ indicates derivation with respect to s. This is the action for geodesic curves parametrized by the affine parameter s. Therefore cosmologies driven by massless fields are geodesics on the scalar manifold. For the moduli spaces that appear in maximal supergravity there have been investigations on the geodesic curves and their higher dimensional interpretation [15, 16] .
In the case that there is a scalar potential reference [17] stated that the scalars of all scaling solutions describe geodesic curves on the scalar manifold. However the proof of [17] shows that a geodesic can indeed gives rise to a scaling solution but the converse statement -a scaling solution must be a geodesic -is not proven. The relation between geodesics and scaling solutions is not one-to-one. An example of a scaling solution that does not describe a geodesic can be found for the axion-dilaton system of reference [18] . We consider those scaling solutions that are geodesic as an interesting subclass. Since geodesics on symmetric spaces are well understood we can perform a systematic search for geodesic scaling cosmologies of gauged supergravities. Ideally we would like to study all possible scaling cosmologies and not just the class that describe geodesics.
We make some important restrictions in this paper. We consider only flat FLRW universes and ignore scaling solutions that exist on the boundary of the scalar manifold 2 .
We refer to [20] for a general treatment of scaling solutions in the presence of spatial curvature, that also includes solutions on the boundary of the scalar manifold.
Scaling solutions and geodesics
The action we consider contains N Klein-Gordon fields φ i coupled to gravity:
where κ 2 = 8πG with G Newton's constant and S matter is the action that describes a barotropic fluid (minimally coupled to gravity) with constant equation of state, p = (γ−1)ρ. In this paper we choose units in which
. In a flat FLRW background, ds
, the equations of motion read:
with T the kinetic energy of the scalars, T = G ij (φ)φ iφj and H =ȧ/a, the Hubble parameter.
We define a scaling cosmology as a solution of the above equations for which:
From the Friedmann equation (5) and the acceleration equation (6) we find that the scalefactor is power-law a ∼ τ P and vice versa. Hence for a scaling solution:
Scaling solutions for multiple fields are well studied for flat scalar manifolds G ij = δ ij with (multiple) exponential potentials [19] [20] [21] [22] [23] [24] , where the scaling solutions all have the following form:
We notice that the scalars trace out straight lines, that is geodesics on a flat space. If we take s = ln τ as a parameter the straight lines have a constant velocity [ i a 2 i ] 1/2 and the parameter s is an affine parameter. The reason that geodesics can describe scaling cosmologies comes from the constraint V ∼ T , which implies
Since T = G ijφ iφj ∼ τ −2 for scaling it is clear that s = ln τ will be an affine parameter since then
where a prime denotes differentiation with respect to s. Consistency with the Klein-Gordon equation gives rise to a first order equation [17] :
3 The N = 8 scalar potential
The action of ungauged N = 8 supergravity in 4 dimensions exhibits a local SU (8) and a rigid SL(8, IR) symmetry [25] . The equations of motion allow for a larger, noncompact E 7(+7) symmetry. The theory contains 70 scalars that parametrize the coset space E 7(+7) /SU (8) . De Wit and Nicolai gauged the SO(8) subgroup of SL(8, IR) [26] , by introducing minimal couplings that break supersymmetry. In order to restore supersymmetry, further terms have to be added to the action. In this way, one generates a potential that is proportional to the square of the gauge coupling constant. Later on, starting from this example, the so-called CSO(p, q, r) gaugings were found [27] [28] [29] . The generators of this subgroup are denoted by Λ ab = −Λ ba , with a, b = 1, · · · , 8 and they obey the following algebra:
where
Other gaugings have been found later, see for instance [30] but for the rest of the paper we will only consider the CSO-gaugings.
Obtaining an explicit expression for the potential that can be used to search for vacua for instance, is a difficult task. Often one makes truncations to get manageable expressions. Therefore we will focus on the SL(8, R)/SO(8)-submanifold of E 7(+7) /SU(8) that contains the 35 scalar fields while the other 35 pseudoscalar fields are consistently truncated. The action for the metric and the 35 scalars is given by [31] :
where M = LL T with L the cosetrepresentative of the SL(8, R)/SO(8)-coset. The potential is given by:
The scalar field equations of motion derived from the langrangian are:
with n the dimension of the matrices (for now n = 8).
The coset SL(8, R)/SO(8) contains 7 dilatons φ i and 28 axions χ α . In the solvable gauge the cosetrepresentative L is written as
where the sum over the indices α is a sum over the positive rootgenerators and the sum over the indices i is a sum over the Cartangenerators .
For what follows we need some properties of the weights β a of the SL(n, R)-algebra in the fundamental representation:
The last two identities hold in a handy basis that is given in appendix A. Because the axions appear at least squared in the potential it is consistent to put them to zero 3 . Then the matrix M simplifies to M = diag(e − βa· φ ), such that the kinetic term becomes canonical and the potential is a sum of exponentials:
4 Dilatonic scaling cosmologies
The potential in (20) is an example of a general exponential potential that is a sum of M exponential terms that depend on N scalar fields:
Scaling solutions of such potentials have been studied in great detail [19] [20] [21] [22] [23] [24] 32] and for convenience we reformulate some essential properties.
Scaling for multiple exponential potentials
It follows from the autonomous system approach in [19] that it is convenient to separate exponential potentials in two classes I and II. Class I is characterized by the fact that the α a -vectors are linearly independent whereas for class II they are linearly dependent. Models that belong to the first class are known in the literature under the name Generalized assisted inflation [24] . Class I generically allows exact scaling solutions, whereas class II can have exact scaling solutions only when the α a -vectors are affinely related. By affinely related we mean that we can choose a set of R independent α a where after relabelling a = 1 . . . R, such that the remaining α a>R are expressed as
where the coeficients c ab fulfill the constraint:
Both types of potentials that allow for scaling solutions have the unique property that after an orthogonal field redefinition φ → ϕ the potential can always be written as the following product [20, 22] :
and α ′ a · ϕ does not contain ϕ 1 ;
Let us proof (24) for class I and then for class II with affinely related α a -vectors. For the proof we will always assume that a field rotation is performed such that the minimal number, R, of scalars appears in the potential and that consequently N − R scalar fields are free. This number R equals the number of linearly independent α a -vectors [19] . So class I has R = M and class II R < M.
If the α a are linearly independent there exists a (unit) vector E such that
where c is a number and independent of the index a. Since, if we multiply (26) with α aj and sum over a we obtain
The matrix B ij = a α aj α ai has an inverse (because R = M) and the equation can be solved to find E i . If we now write the scalar fields in a different basis:
then we have in the new basis that α ′ a1 = c for all a and consequently the potential takes the form (24) . Now assume the α a are linearly dependent in an affine way. Consider the R independent vectors α a with a = 1 . . . R. For this subset we can repeat the same procedure as above to
since we assume the couplings are affine. Again the potential can be factorized as in (24) . It is easy to prove the inverse, if the potential can be written as (24) then either the α a are linearly independent or they are dependent in an affine way.
As proven in [20, 22] the exact scaling solution is such that it is the overal scalar ϕ 1 that is non constant and the other scalars are constant. Therefore the exact scaling solutions of multiple exponential potentials are such that the potential is truncated to a single exponential potential. The requirement for such a truncation is twofold. Firstly, it must be possible to rewrite the potential like in (24) and secondly the function U must have stationary points (∂U = 0) in order to have a truncation consistent with the equations of motion. If this is satisfied the truncated action is given by:
where Λ is the function U at the stationary point. If the scaling solution exists it is given by:
• Let us first assume that the barotropic fluid vanishes, then the scaling solution is the scalar dominated solution with P = 1/c 2 . The scaling solution exists when Λ > 0 and P > 1/3 or Λ < 0 and P < 1/3. An inflationary solution (P > 1) requires c 2 < 1. The scaling solution with Λ < 0 is never stable and the scaling solution with Λ > 0 is stable if the extremum of U is a minimum and the fluid perturbations imply an extra stability condition
.
• If on the other hand a barotropic fluid is nonzero there exists a matter-scaling solution [32] . The matter-scaling solution is such that the energy density of the barotropic fluid and the scalar fields are non vanishing and have a fixed ratio. The scalefactor of a matter scaling solution solution is that of a universe containing only the barotropic fluid, that is a ∼ τ P with P matter = 2 3γ
. The solution exists when Λ > 0 and
. When U is in a minimum the solution is stable.
The CSO dilaton potentials
For the CSO(p, q, r) gaugings (p+q +r = 8) with r > 0 the potential (16) can be simplified by truncating some extra axions (but not all) in such a way that a smaller cosetM appears. The result is [31] :
and the scalars appearing inM are those coming from the
SL(p+q,IR) SO(p+q)
-coset and together with ϕ they span the manifold GL(p + q, IR)/SO(p + q) = IR × SL(p + q, IR)/SO(p + q). The kinetic term reads:
This truncated system is believed to capture the essentials of the whole theory [31] . If we restrict to the dilatons (20) becomes:
This potential now clearly belongs to the class with linearly dependent α a but they are affinely related. Therefore the potential is of the appropriate form for scaling solutions! To find a scaling solution it is sufficient to find a stationary point of U, which has the correct sign with respect to the dilatoncoupling c to allow for a scaling solution. The extrema of U are most easily found using lagrange multipliers as was shown in [7] . The outcome of this calculation is summarized in the table below.
Gauging matter-scaling ρ γ > 0 scalar dominated We remark that there is no scalar dominated scaling solution between 1/3 < P scalar < 1. This implies that in these models a matter scaling solution can never coexist with a scalar dominated scaling cosmology.
The accelerating scaling solutions (P > 1) are found for the CSO(3, 3, 2) and the CSO(4, 3, 1)-gauging. The first was found by Townsend in [12] where it was constructed by a reduction of a de Sitter vacuum in 5-dimensional SO(3, 3) gauged supergravity. The second possibility with P = 7 is as far as we know not found before. The cosmologies of the CSO (1, 1, 6 )-gauging were considered before [33] where the solutions were obtained from a reduction of seven-dimensional pure gravity on a groupmanifold.
Since the matrix ∂ i ∂ j U evaluated at an extremum is not positive definite, the solutions are all unstable.
Axion-dilaton scaling cosmologies
Once the axion fields are turned on the system is much more complex and the construction of solutions becomes a difficult task. But if we restrict to scaling cosmologies that describe geodesics the problem boils down to parametrizing the set of all geodesics and to check when they are solutions. In what follows we describe a way to parametrize the geodesics in terms of isometry transformations of straight lines.
Since the submanifold spanned by the dilaton fields is flat, the geodesics on that part are straight lines:
in terms of the affine parameter introduced in section 2. Since SL(n, IR) is a symmetry of the geodesic equations of motion it maps solutions to solutions. Transforming the above straight line solution generates a general curve, which is not a straight line. The following lemma shows that in this way all geodesics can be obtained. The proof is left for the appendix.
Lemma 5.1. Every geodesic on the symmetric space SL(n; IR)/SO(n) can be obtained by acting with isometries on a straight geodesic.
An isometry transformation is non-linear on the level at the coordinates φ i , χ α but for the scalar matrix M it works as:
The consequence of the above lemma is that the problem of finding geodesic scaling solutions reduces to an algebraic problem. If a geodesic scaling solution exists the scalars take the form:
where D = diag(e − β i · φ ) with φ = vs + d. For simplicity we work in the truncated system defined byM and ϕ, as explained in the previous section.
For the scalar dominated solutions we have
Where we assumed that V > 0 and thus P > 1/3. If we substitute all this in the equations of motion forM and ϕ, we find the following matrix equation:
where A = Ω t ηΩ. For a given matrix D that corresponds to a straight line, we can always make an orthogonal field redefinition on the dilatons such that the matrix D simplifies to 4 :
It is then not too difficult to check that the solutions of equation (40) necessarily have || v|| = 0. This implies thatM is constant and the only running field is the overall dilaton ϕ. In particular, if we act with the rigid CSO-symmetry on the dilaton solutions we are guaranteed to find new solutions but only with constant axions. The same result holds for the matter-scaling solutions.
Higher dimensional origin
In [14] it was shown that the non-compact gaugings are associated with 11-dimensional supergravity solutions that have a non-compact internal space. For the CSO(p, q, r) gaugings the internal space H p,q,r is defined as the hypersurface in IR p+q+r , defined by the following equation:
where z A are Cartesian coordinates of IR p+q+r , η AB is a symmetric matrix with p positive, q negative and r zero eigenvalues and R is determined by the flux of the 4-form field strength in 11-d. The metric on the hypersurface is then induced from the Euclidean metric on IR p+q+r . Given a solution in 4 dimensions with a metricḡ µν and some scalars as only non-vanishing fields, the 11-dimensional metric is then determined as
where g mn (x, y) is the metric on the internal space and V (x, y) is a warp factor. From the explicit solutions for the scalar matrix M we notice that our scaling solutions correspond to SO(p) × SO(q) × SO(r) invariant directions in the scalar coset SL(8, IR)/ SO (8) . The most general solution with that symmetry is described by two scalars s, t that parametrize the SO(p) × SO(q) × SO(r) invariant directions in the scalar coset SL(8, IR)/ SO(8) [34] . To truncate the scalars of the full coset down to s, t is consistent and all our scaling solutions must be contained within this smaller system. We will now formulate our solutions in terms of the scalars s, t to make closer contact with the literature.
The action is given by:
The potential V p,q,r (s, t) for CSO(p, q, r) can be obtained from the superpotential
as follows
One can check the scalar t is nothing else then the overall dilaton ϕ of section 4. So our solutions are:
As shown in reference [6] solutions carried by the s, t moduli can be easily oxidized to 11 dimensions. We will follow the steps of refence [6] . The matrix η AB for these models is given by η = e 
The Euclidean metric on R p+q+r is written as
with dΩ 2 n the round metric on the n-sphere. Given the solution (47), the hypersurface (42) is explicitly given by
where λ, A are positive numbers determined by s * . Next one introduces coordinates r, ρ in the following wayσ = ρr,
In these coordinates the hypersurface (50) is defined by ρ = ARτ and the metric on H p,q,r is found to be
The warp factor is given by V = 1 + (λ + λ 2 )r 2 and the 11-dimensional metric is then given by (43).
Discussion
In this paper we investigated the existence of scaling solutions in N = 8 gauged supergravity. When restricted to the dilatons, the potential becomes a sum of exponentials. We showed that, when the gauge group is a contraction of SO(p, q), the exponentials exhibit a special form, they have so-called affine couplings. This special form is necessary for the existence of exact scaling solutions. We find eternal accelerating solutions for which the barotropic fluid vanishes. From the point of view of 11-dimensional supergravity, the solutions correspond to time-dependent geometries with non-compact internal spaces. If we assume the presence of a barotropic fluid we also find matter scaling solutions. The solutions we obtained have one running scalar and all other scalars are trapped in a saddle point or maximum of the potential, and are therefore unstable. As explained in [3] unstable vacua are not necessarily a bad thing for cosmology. If a de Sitter vacuum is at a saddle or a maximum of the potential, the universe will stop accelerating at some point and collapses to a singularity since the potential becomes negative. However the typical time before the collapse is comparable to the age of our universe. We expect that a similar statement can be made for the accelerating scaling vacua.
These dilatonic solutions describe geodesics in the scalar manifold. We showed that geodesic scaling solutions with non-constant axions do not exist.
Scaling solutions correspond to critical points of the cosmological dynamical system and therefore describe the early-or late-time behavior of general cosmological solutions. From this point of view there is a similarity with cosmological billiards in supergravity where the asymptotic behaviour of cosmological solutions correspond to Kasner-type metrics and the axionic fields are constant [16] 5 . A more complete analysis would involve solutions that interpolate between scaling vacua in order to understand how the cosmic billiard behaviour is realized in gauged extended supergravity.
In light of our findings one could wonder whether stable scaling solutions with eternal acceleration are possible at all in supergravity? If one lowers the amount of supersymmetry then stable solutions are possible. In N = 4 gauged supergravity, a (non-accelerating) stable scaling solution was found in reference [13] and, as we shortly outline below, stable eternal accelerating scaling solutions are present in N = 2 theories. These stability properties are similar for de Sitter vacua in supergravity, where stable vacua are only found for N ≤ 2. So until now the only stable solutions that violate the strong energy condition are found in N ≤ 2 supergravity.
The existence of stable scaling solutions in N = 2 gauged supergravity follows from the fact that there exist stable de Sitter vacua in D = 5 [9] . If a certain supergravity has a de Sitter solution in 4 + n dimensions, that implies that the system can be truncated to just gravity and a positive cosmological constant, Λ. If we reduce this theory on an n-torus with the following ansatz:
where we consistently truncated all Kaluza-Klein vectors and consider only one breathing mode ϕ for the overall volume of the n-torus. Then the theory reduces to:
5 We like to thank P. Fré for pointing out this similarity. 
